A well known fact is that there is a finite orthomodular lattice with an order determining set of states which is not representable in the standard quantum logic, the lattice L(H) of all closed subspaces of a separable complex Hilbert space.
Introduction
In [6] Greechie proved that there is a finite orthomodular lattice with an order determining set of states which is not representable in the standard quantum logic, the lattice L(H) of all closed subspaces of a separable complex Hilbert space.
In [13] the following problem was formulated.
Problem 1.1 Find
(i) necessary conditions (ii) sufficient conditions (iii) necessary and sufficient conditions for an (finite, lattice-ordered, MV-effect algebra respectively) effect algebra E that there is a complex Hilbert space H and linear operators densely defined in H as elements of E such that, whenever the effect algebraic sum exists, then it coincides with the usual sum of operators.
The formulation of the problem allows to treat this representation either as a injective morphism or an order reflecting morphism. The problem was first solved in [11] for finite effect algebras, another partial answer was obtained by H.X. Cao et al. in [2] and in the full generality it was solved for arbitrary effect algebras by Riečanová and Zajac in [18] .
In what follows we discuss both cases for generalized effect algebras, continuing in the same direction as in [11] . Our, in some sense very compact, approach includes all the results mentioned above. After a summary of the state of the art given in Section 2, the detailed presentation of our new results is split in Section 3 and Section 4. The main result of Section 3 are the necessary and sufficient conditions of Problem 1.1 for a (generalized) effect algebra E to be weakly representable into positive linear operators. Second, in Section 4 we establish the necessary and sufficient conditions of Problem 1.1 for a (generalized) effect algebra E to be representable into positive linear operators.
As a by-product of our study we establish topological properties of (weakly) representable generalized effect algebras.
Preliminaries
Effect algebras were introduced by Foulis and Bennett (see [5] ) for modelling unsharp measurements in a Hilbert space. In this case the set E(H) of effects is the set of all self-adjoint operators A on a Hilbert space H between the null operator 0 and the identity operator 1 and endowed with the partial operation + defined iff A + B is in E(H), where + is the usual operator sum. We call it a Hilbert space effect algebra.
In general form, an effect algebra is in fact a partial algebra with one partial binary operation and two unary operations satisfying the following axioms due to Foulis and Bennett. Definition 2.1 (Foulis and Bennett, 1994, [5] ) A partial algebra (E; ⊕, 0, 1) is called an effect algebra if 0,1 are two distinguish elements and ⊕ is a partially defined binary operation on E which satisfy the following conditions for any x, y, z ∈ E:
(E3) for every x ∈ E there exists a unique y ∈ E such that x ⊕ y = 1 (we put x ′ = y),
We often denote the effect algebra (E; ⊕, 0, 1) briefly by E.
Effect algebras are very natural algebraic structures for to be carriers of states or probability measures in the cases when elements are noncompatible or unsharp.
Generalizations of effect algebras (i.e., without a top element 1) have been studied by Kôpka and Chovanec (1994) Definition 2.2 (1) A generalized effect algebra (E; ⊕, 0) is a set E with element 0 ∈ E and partial binary operation ⊕ satisfying for any x, y, z
(2) A binary relation ≤ (being a partial order) and a partial binary operation ⊖ on E can be defined by:
x ≤ y and y ⊖ x = z iff x ⊕ z is defined and x ⊕ z = y . (3) Q ⊆ E is called a sub-generalized effect algebra (sub-effect algebra) of E iff out of elements x, y, z ∈ E with x ⊕ y = z at least two are in Q then x, y, z ∈ Q and 0 ∈ Q (1 ∈ Q for sub-effect algebra). Then Q is a generalized effect algebra (effect algebra) in its own right.
Definition 2.3
Let (E 1 ; ⊕ 1 , 0 1 ) and (E 2 ; ⊕ 2 , 0 2 ) be generalized effect algebras.
(1) A map f :
Any embedding is an order reflecting morphism and any order reflecting morphism is an injective morphism but not conversely. However, any order reflecting morphism of effect algebras is an embedding (see [14, Proposition 1] ).
Throughout the paper we assume that H is a complex Hilbert space, i.e., a linear space with inner product · , · which is complete in the induced metric.
Recall that here for any x, y ∈ H we have x, y ∈ C (the set of complex numbers) such that x, αy + βz = α x, y + β x, z for all α, β ∈ C and x, y, z ∈ H. Moreover, x, y = y, x and finally x, x ≥ 0 at which x, x = 0 iff x = 0. The term dimension of H in the following always means the Hilbertian dimension defined as the cardinality of any orthonormal basis of H (see [1, p. 44] ).
Moreover, we will assume that all considered linear operators A (i.e., linear maps A : D(A) → H) have a domain D(A) a linear subspace dense in H with respect to metric topology induced by inner product, so D(A) = H (we say that A is densely defined).
A linear operator Q on a dense subspace D of a Hilbert space is positive if, for all x ∈ D,
It is well-known that, for any set M,
Recall that, for (z m ) m∈M ∈ C M we have m∈M z m = z ∈ C if and only if for every ε > 0 there exists a finite D ε ⊆ M such that for every finite
Note that Kronecker's delta δ is a function of two variables which is 1 if they are equal and 0 otherwise. Clearly, E lin (M) is a linear hull of the set {(δ m,n ) m∈M | n ∈ M}. Note that Definition 2.5 is a generalization of the definition of representable effect algebras introduced in [2] and of the Hilbert space effect representation introduced in [18] . (iii) S is said to be bounded if, for any element a ∈ E, there is c a > 0 such that (∀s ∈ S) s(a) ≤ c a ; (iv) we denote by τ S E the weak topology (the topology generated by the family of mappings S [4, p. 31]) on E with respect to the set S.
S defined by i S (a) = (s(a)) s∈S for all a ∈ E is an injective morphism of generalized effect algebras. Similarly as in [7 
S is an injective morphism of effect algebras. In both cases the respective map i S is continuous relative to τ S E and the respective product topology.
Note also that any non-trivial generalized state g : E → R + 0 on an effect algebra E yields a state s : E → [0, 1] given by s(y) = g(y) g (1) for all y ∈ E. Example 2.7 Let H = C 2 , π 1 (x, y) = (x, 0) and π 2 (x, y) = (0, y) for all (x, y) ∈ C 2 . Then the set E = {0, π 1 , π 2 } equipped with the commutative partial operation ⊕ given by 0 = 0 ⊕ 0, 0 ⊕ π 1 = π 1 and 0 ⊕ π 2 = π 2 is a generalized effect algebra with an order determining set of generalized states induced from E(H) but it is not a sub-effect algebra of E(H). Namely, π 1 ⊕ E(H) π 2 = id H but id H / ∈ E. Moreover, the inclusion map i : E → E(H) is an order reflecting morphism and it is not an embedding.
Suppose we are given a topological space X, a family {Y s } s∈S of topological spaces and a family of continuous maps F = {f s } s∈S where f s : X → Y s . If for every x ∈ X and every closed set G ⊆ X such that x ∈ G there exists a map f s ∈ F such that f s (x) ∈ f s (F ), then we say that the family F separates points and closed sets (see [4, p. 82 
]).
More details on linear operators on Hilbert spaces with many examples and contraexamples can be found in [1] , on topology in [4] and about (generalized) effect algebras in [3] .
Injective morphisms and generalized states
We are going to show that a (generalized) effect algebra E is weakly representable in positive linear operators if and only if it has a set S of generalized states such that S separates points. In addition, any generalized state from S is induced by a suitable generalized vector state. Theorem 3.1 Let E be a generalized effect algebra E and let S be a set of generalized states on E. Then there exists a morphism ϕ S : E → G E lin (S) (l 2 (S)) such that, for all s ∈ S, there is a vector x s ∈ l 2 (S) satisfying s = ω xs • ϕ.
Moreover,
) is a continuous map; (ii) there is an index set T and a family F = {f t } t∈T of continuous maps that separates points and closed sets where f t : E → [0, 1]; (iii) if S separates points then ϕ S is injective and τ S E is Tychonoff; (iv) if S is order determining then ϕ S is order reflecting ; (v) if S is bounded then, for any element a ∈ E, ϕ S (a) is a bounded operator.
Proof. We define ϕ S : E → G E lin (S) (l 2 (S)) as follows: For any a ∈ E and x = (x s ) s∈S ∈ E lin (S), we set ϕ S (a)(x) = (s(a)x s ) s∈S ∈ E lin (S).
Then clearly ϕ S (a) is a linear operator from E lin (S) into l 2 (S) and the set supp(x) = {s ∈ S | x s = 0} is finite. Hence
For any s ∈ S and any x s = (δ s,t ) t∈S , we have to compute, for all a ∈ E, (ω xs • ϕ S )(a). We have (ω xs • ϕ S )(a) = x s , ϕ S (a)(x s ) = (δ s,t ) t∈S , (t(a)δ s,t ) t∈S = s(a). ) is a subbase of τ E lin (S) and the set C = s∈S s
It follows that ϕ S is a continuous map.
(ii) Let us put T = {(a, G) | a ∈ E, G is a closed set in τ S E , a ∈ G}. Now, let a ∈ E and let G be a closed set in τ S E such that a ∈ G. Since C is a subbase of τ S E we get that there are s 1 , . . . , s n ∈ S and closed sets G 1 , . . . , We have a continuous map (s 1 , . . . , s n 
n given by the prescription (s 1 , . . . , s n )(x) = (s 1 )x) , . . . , s n (x)) for all x ∈ E. Let us put ((s 1 , . . . , s n )(a)) = 0 and g(y) = 1 for y ∈ H. Let us put
(iii) Suppose that S separates points. Let us check that ϕ S is injective. Assume that a, b ∈ E and ϕ S (a) = ϕ S (b). Then, for any s ∈ S and any x s = (δ s,t ) t∈S , we have that s(a) = ϕ S (a)(x s ) = ϕ S (b)(x s ) = s(b). Since S separates points we obtain that a = b. (iv) Suppose that S is order determining. Let us check that ϕ is order reflecting. Since ϕ S preserves order we have to check that a, b ∈ E, ϕ S (a) ≤ ϕ S (b) yields a ≤ b. But, for any s ∈ S, we have by the positivity of
Since S is order determining we get a ≤ b.
(v) Suppose that S is bounded and let a ∈ E. We have to show that ϕ S (a) is a bounded operator. We have, for any x = (x s ) s∈S ∈ E lin (S),
x 2 s = c a ||x||.
Remark 3.2 Recall that, for an at most countable countable set S of generalized states on E and any a ∈ E, the operator ϕ S (a) coincides with the operatorṪ (s(a) given by the prescription y → h 0 , ϕ(y)(h 0 ) for all y ∈ E is a generalized state for which s ab (a) = s ab (b).
It follows that the set S = {ω x • ϕ | x ∈ H} separates points. we have an injective morphism of effect algebras from E to the Hilbert space effect algebra E(l 2 (S)).
Order reflecting morphisms and generalized states
We are going to prove that a (generalized) effect algebra E is representable in positive linear operators if and only if it has an order determining set S of generalized states.
Note that a set S of generalized states on E is order determining iff the morphism i S : E → (R + 0 ) S is order reflecting. As in [7, Theorem 2.1], a set S of states on an effect algebra E is order determining iff the morphism
S is an embedding of effect algebras. 
Proof. Evidently, (i) =⇒ (a), (b) =⇒ (ii), (ii) =⇒ (i) and (a) ⇐⇒ (c).
Let us show that (a) =⇒ (b). We may use either [18, Corollary 2] or observe that any ϕ S (a), a ∈ E, is bounded by Theorem 3.1 (v) and hence it posseses a unique extension to l 2 (S). Moreover, it is obvious that ϕ S (a) ≤ I. Therefore we have an embedding of effect algebras from E to the Hilbert space effect algebra E(l 2 (S)).
Remark 4.4 Note that by [11, Lemma 3.3 ] the case (b) from Corollary 4.3 is equivalent with the statement that E is isomorphic to a sub-effect algebra of the Hilbert space effect algebra E(H), a result established in [18] . In the generalized algebra case (see Example 2.7) we have to work with order reflecting maps instead of embeddings.
